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GLUING CONSTRUCTIONS FOR ASYMPTOTICALLY 
HYPERBOLIC MANIFOLDS WITH CONSTANT SCALAR 

CURVATURE 

PIOTR T. CHRUSCIEL AND ERWANN DELAY 



Abstract. We show that asymptotically hyperbolic initial data satis- 
fying smallness conditions in dimensions n > 3, or fast decay conditions 
in n > 5, or a genericity condition in n > 9, can be deformed, by a de- 
formation which is supported arbitrarily far in the asymptotic region, to 
ones which are exactly Kottler ( "Schwarzschild- adS" ) in the asymptotic 
region. 
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1. Introduction 

^ ' One of the key problems in mathematical general relativity is the under- 

j^ ■ standing of the space of solutions of the vacuum constraint equations. In 

this context an important gluing method has been introduced by Corvino 
and Schoen [12, 13] for vacuum data with vanishing cosmological constant. 
The object of this paper is to present related gluing results when the cosmo- 
logical constant A is negative. The question we address is the possibility of 
deforming an asymptotically hyperbolic Riemannian manifold of constant 
scalar curvature, and hence a time-symmetric vacuum initial data set, to 
one with a Kottler metric (sometimes known as Schwarzschild - anti de Sit- 
ter metric) outside of a compact set. We establish deformation or extension 
theorems in dimensions n > 3 under a smallness condition for metrics suffi- 
ciently close to (generalized) Kottler metrics, or under smallness and parity 
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2 P.T. CHRUSCIEL AND E. DELAY 

conditions for metrics close to a standard hyperbolic metric, or assuming a 
rapid decay condition in dimensions n > 5. 

More precisely, we consider n-dimensional manifolds containing asymp- 
totic ends 

(1.1) Mext :=(ro,oo) xTV, 

where A^ is a compact manifold. We are interested in constant scalar curva- 
ture metrics which asymptote, as r goes to infinity, to a background metric 
b of the forrru 

(1.2) b = 4^ + r'b, 

where k G {0, ±1}, and where 6 is a (r-independent) metric on A^ satisfying 
Ric(6) = k{n — 2)b. A family of examples is provided by the (generalized) 
Kottler metrics, 

(1.3) b^ = -^^^—^+rH. 



Note that bo = b, with b as in (jl.2p . 

For the purpose of the next theorem define the manifold M to be 

M=(ro,r2] xiV, 

and suppose that g is a constant negative scalar curvature metric on M close 
to b, or to bm- There are two natural questions: 

First, choose ri satisfying ro < ri < r2, can one deform g, keeping 
the scalar curvature fixed, so that the resulting metric coincides with g 
on (r'o,ri] x N, and with bm, for some m, near {r2} x A^? In this case we 
set M' = (ro,ri] x A'^, M" = [r2,oo) x A'^, and we refer to this case as the 
deformation problem. 

Next, let r^ > r2, can one extend g' to a new metric of constant scalar 
curvature on (ro, oo) x A'^ so that the extended metric coincides with bm, for 
some m, on [r-^, oo) x A^? In this case we set M' = M, M" = [r^, co) x A'", and 
we refer to this case as the extension problem. It is shown in [8, Section 8.6] 
how to reduce this problem to the deformation one. 

Our aim here is to show that those problems can always be solved when 
g is sufficiently close to b, except perhaps when (A^, 6) is a round sphere 
and m = 0, in which case we need to impose a restrictive condition: For 
(r, q) £ M let tp{r, q) = (r, (j){q)), where (j) is the antipodal map of the sphere. 
A metric g on M will be said to be parity-symmetric if ip*g = g. At the end 
of Section [5] we prove: 

Theorem 1.1. Zei n > 3, N 9 £ > [§J + 4, A G (0, 1), m G M. // (A^, 5) is a 
round sphere and m = 0, we suppose moreover that g is parity- symmetric. 
There exists e > such that if \\g — bm\\c^'>'(M) < ^i then there exists on Mg^t 
a C^'^ metric of constant negative scalar curvature which coincides with g 
on M' , and which is a Kottler metric on M" . If g is smooth, then so is the 
solution of the deformation problem. 



The constant k in p.2|l - H1.3|l is of course unrelated to the order of differentiabihty k 
used elsewhere, we hope that this will not confuse the reader. 
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We emphasize that g and bm are only required to be close to each other 
on an "annulus" as above, and in fact bm is not even defined throughout the 
original manifold. 

We can also prove a result without smallness assumptions which, however, 
excludes dimensions three and four. Moreover the decay rates are undesir- 
ably restrictive in dimensions five, six and seven; they are satisfactory, but 
not as weak as one would wish, in higher dimensions. 

Let g be an asymptotically hyperbolic metric as defined in Section [21 and 
let p9 ^ be the momentum vector of g, obtained by passing to the limit as r 
goes to infinity of the integral (j5.1|) below over submanifolds r = const. Let 
bp, denote a (generalized, boosted) Kottler metric with momentum vector 
j5(^). Suppose that 

8 , n = 5,6, 7, 



(1-4) n>5, a> s 8±n ^ ^> 

(This can be compared with the conditions a > n/2, n > 3, needed for p9 , 
to be well-defined, or a = n, which holds for Kottler metrics.) For a < n 
we assume that g has the following asymptotic behaviour 

(L5) \g - b\b + \Dig - 6)|b + . . . + \D^''+'\g -b)\k = 0{p^) , 

where D is the covariant derivative operator of b. For a > n, if (A^, b) is a 
round sphere, we assume that the momentum vector p9 ^ oi g is timelikelo so 
that an associated (perhaps boosted) Kottler metric bo exists. Whether 

or not {N, b) is a round sphere, for q > n instead of ()1.5p we suppose that 

(L6) \g - bpo \, + \D{g - bo )\, + . . . + \m+^\g - 5 n )|, = 0(p") ; 

in fact, (|1.6|) is equivalent to p.5|) if a < n. 

Letting M5 be as in (|2.1|) . and ^5^45 as in (|2.2|) . in Section H] we prove: 

Theorem 1.2. Let n > b, n ^ l > [fj + 4, A G (0,1), and let a > 
satisfy (jl.4p . Let g be a C^'^ asymptotically hyperbolic metric with constant 
negative scalar curvature satisfying (jl.6p with k = £ — 4. We furthermore 
assume that (|1.6p holds with k = i — 2 and a = 0, and that the energy- 
momentum vector is timelike if {N, b) is a round sphere. There exists 6q > 
such that for all < 6 < Sq the metric g can be deformed across an annulus 
As^4S to a constant scalar curvature metric, of C^''^ differentiability class, 
which coincides with g on M\Al4s o,f^d with a Kottler metric bp, on Mg. 
The solution is smooth if g is. 

A key role in our analysis is played by the kernel of the operator P* given 
by (|2.6p below; it is known that this kernel is trivial for any open subset of 
M for generic metrics [4] . Deforming first the metric as in Section El and 
applying Theorem 11.21 to the new metric one concludes: 

Corollary 1.3. Let n > 9. Under the remaining hypotheses of Theo- 
rem \l.S\ suppose instead of ()1.4p that a > n/2. If there are no neighbour- 
hoods of the conformal boundary at infinity on which P* has a kernel, then 
the conclusions of Theorem \L2\ hold. 



Both past and future pointing p? % are allowed. 
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It might be helpful to the reader to recall briefly the Corvino-Schoen 
method, as adapted to our setting. We work on an end (ro,+oo) x A^, 
where we have a metric g asymptotic to a background metric b. We also 
have a d-parameter family of references metrics bp, all asymptotic to b, all 
having the same, constant scalar curvature. The gluing is performed on an 
annulus Aji = {R < r < 4i?}, with i? ^> 1, in four steps: 

Step 1): Do a scaling in order to work on a fixed annulus Ai, 

Step 2): Establish a weighted estimate of the form \P*u\£^2 > c\u\jj2, 
where P* is the adjoint of the linearized scalar curvature operator P and 
u is orthogonal to the d-dimensional kernel K oi P* . The constant c has 
to be uniform in the family of metrics under consideration, with controlled 
dependence upon R. In fact, in previous applications c was iZ-independent. 

Step 3): By step 2), and up to weighting functions, the operator L = PP* 
is an isomorphism modulo projections onto K . By the inverse function 
theorem, for R ^ 1, the gluing of g with any bp can be done modulo 
weighted L^-projection onto K . 

Step 4): Estimate the projection onto K and show that you can adjust 
the parameter p to obtain a solution. 

So, the overall strategy is the same as in [8, 12, 13]. However, in our case 
essential new difficulties arise: the scaling transformation in the asymptoti- 
cally flat case leads to a family of uniformly equivalent operators on a flxed 
annulus, while this is not the case anymore for negative A. To handle this we 
prove a sharp estimate on the family of operators which arise in our context; 
unfortunately the estimate degenerates as the gluing annuli recede to infin- 
ity, as the sharp constant c in step 2) above goes to zero. This results in the 
undesirable restrictions described above. A possible approach to improve 
this state of affairs could be to devise a method which, first, deforms any 
asymptotically hyperbolic metric to one for which our Theorem 11.21 (or some 
variation thereof) applies. Alternatively, a completely different method of 
approaching the problem is needed. 

Our work has been largely motivated by [1], to remove the sign condition 
on the mass aspect function imposed there. Our deformation produces a 
metric with a constant mass aspect without a priori assuming such a sign in 
dimensions larger than eight; our result is, however, irrelevant for the main 
result in [1], which has only been proved so far for n <7. 

2. Definitions, notations and conventions 

Let M be a smooth, compact n-dimensional manifold with boundary 
dM. Let M := M\dM, a non-compact manifold without boundary. In 
our context the boundary dM will play the role of a conformal boundary 
at infinity of M. We will choose a defining function p for dM, that is a 
non-negative smooth function on M, vanishing precisely on dM, with dp 
never vanishing there. 
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We will work near the infinity of M, so it is convenient to define, for small 
e > 0, the manifold 

(2.1) Me = {x£M,p{x) <e}. 
We also define for small e > 5 > 0, the "annulus" 

(2.2) As,e := M,\M's. 

We continue by defining a class of background metrics of interest. For k 
equal to —1, or 1, let 6 be a metric on dM satisfying Ric(6) = k{n — 2)b. 
For po such that 1 — A;(^)^ has no zeros on {0,po), consider the metric 

(2.3) b = p-^ (dp^ + ^^^b) =: p~'b 

defined on (0, po) ^ dM. Then b is Einstein, Ric(6) = — (n — 1)6, in particular 
it has constant scalar curvature R{b) = —n[n — 1), and in fact provides 
initial data for a static solution of the vacuum Einstein equations with a 
negative cosmological constant. These are of course identical to (II. 2p (use 
r = p~^\l — k{^)'^]). The basic example of such a background is the standard 
hyperbolic metric. In that case M is the unit ball of M", with 

(2.4) b = uj-^6 , 

6 is the Euclidean metric, oj{x) = ^(1 — |2;||). 

A metric g will be called asymptotically hyperbolic if g tends to a back- 
ground metric as in (j2.3p when approaching dM. The precise decay rates 
will be indicated whenever needed. The terminology is motivated by the 
fact that the sectional curvatures of g tend to —1 as p approaches zero; cf., 
e.g., [17]. One should, however, keep in mind that b does not necessarily 
have constant sectional curvature in space-time dimension other than four. 
Moreover, metrics which asymptote to hyperbolic metrics in cuspidal ends 
do not necessarily belong to our class. 

An important class of asymptotically hyperbolic metrics is given by the 
(generalized) Kottler metrics [14] (compare [5]) as given by (jl.Sp . In the 
coordinate system of (12. Sp they read 



(2.5) bm = P 



I - 2mp- [l - k{P-f) ^"(l + Mf)^ 



dp^ 



P 



[6 + 2mp"(l + 0(p2))dp2 



Hi-Kl?fb} 



where, as before, 6 is a fixed metric on the boundary at infinity A^ satisfying 
Ric(6) = k{n — 2)b. Those metrics satisfy R{bm) = —n{n — 1), and again 
provide initial data for static Einstein metrics. 

If b is not the round metric on a sphere, the only energy-like Hamiltonian 
invariant of bm is m, see e.g. [6] and references therein. Otherwise b is the 
standard hyperbolic metric, and the energy-momentum vector of bm, say 
;j(^) (as defined in [10] or [22], see (|4.18p with r — > +oo)), is proportional to 
(m, 0). Under isometrics of hyperbolic space, p(^\ transforms as a Lorentz 
vector, and a metric with any timelike p(^) can be obtained by applying such 
an isometry to some bm- 
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In this way we generate a family of metrics with any timelike Pffj,), as 
needed for the Brouwer fixed point argument when compensating for the 
cokernel below. (On the other hand we are not aware of existence of such 
metrics with non-timelike non-zero p(^) , whence the restriction of timelike- 

ness in our results when (A^, b) is a round sphere.) We denote by bp, , the 
resulting metrics, and we will refer to them as Kottler metrics, or boosted 
Kottler metrics when ambiguities are likely to occur. 

Recall that the linearized scalar curvature operator P = P^ is 

Pgh := DR{g)h = -V^Vkitrg h) + V^V'/i^ - R^^hki , 

so that its L^ formal adjoint reads 

(2.6) P;f = [DR{g)]*f = -Vk^f^fg + VVf-fRic{g). 

(We use the summation convention, indices are lowered with gij and raised 
with its inverse g^^ .) We note that 

TrP;/=(n-l)V*V/-P/. 

Let 

(2.7) bs ■.= z-^(dz^ + 5-^(6 z) 

be a hyperbolic metric scaled up in p from Ag^^s to 

(2.8) A = A(i^4) := (1,4) x5M. 
We have Ric{bs) = — (n — l)bs, thus 

(2.9) P^u := VVn + ((n - l)u - V'^VfeU 



where V is associated with the metric bs- 

It is well known that the kernel of P* has dimension at most n + 1, 
see [12] for instance. For the hyperbolic metric b on the unit n-dimensional 
ball i?"(l) C M*^, in the representation (j2.4|) . the kernel of P^ is spanned by 
the following functions, 

which are the restrictions to the hyperboloid H" of the coordinates func- 
tions in Minkowski W^'^: 

(-0, .,„, ,. i±a!.,-.(,,(|)'^), 

(2.11) %, := -T^ = -p-fl '''''^^' 



1 — \x\^ \ \2J J \x 

with p = 2(1 — |x|)/(l + |x|). We can also rewrite (|2.4p as 

(2.12) b = p-\dp^ + bip)) , 



.2^2- 



with b{p) = 11 — (f)^) ^(0)) where 6(0) is the round unit metric on S". 
Setting p = 6z, defining 

(2.13) Vs,i^){z,9) = V^^)i6z,9), 
and letting 5 tend to zero, the functions ^Vgjn) tend to 

(2.14) n(o) := z'^ , u^^k) ■= -^~^rT • 
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For nonspherical boundary metrics b = 6(0) we still write {V(„)} for any 
basis of Ker Pj^, and then V^^(/i) is defined by (|2.13p . By hypothesis the scalar 

curvature of b is constant, so that we can invoke a theorem of Obata [20] 
(see also [15] Theorem 24) to conclude that the only Riemannian manifold 
(M, b) of dimension n — 1 with non-constant solutions v to the equation 
DDv H — n-i ^ = is a round sphere. For metrics of the form (|2.3p with 
b different from a round sphere, this implies (compare appendix \^ that 
dim Ker P* = 1, and V(o) = ^{o)(p)) with the tt(/i)'s proportional to n(o) = 
z-^ (compare (fXT9]) and (lOOD ). 



Definition 2.1. Let fc E N, C, a > 0. Let 6 be a of the form ((23]), with b an 
Einstein metric on dM with scalar curvature (n — l)(?i — 2)k, k. G {0, ±1}, 
and with p S (0, 2/Jo]- We will say that g is (C, k, a) -asymptotically hyperbolic 
if we have 

(2.15) \g - b\b + \V9\b + ... + \y^'^9\b < Cp'' , 

where the norm and covariant derivatives are defined by b. For a G (0, 1) 
we will say that g is (C, A; + a, a) -asymptotically hyperbolic if the derivatives 
of order k of g — b further satisfy a weighted Holder condition of order a, as 
in [16]. 

Let g he a Riemannian metric on M, recall that {M,g) is conformally 
compact if there exists on M a smooth defining function p for (9M (that is 
p E C°°(M), p > on A/, p = on (9M and dp nowhere vanishing on dM; 
the symbol p will be used throughout this work to denote such a function) 
such that g := p^g is a Riemannian metric on M, we will denote by g the 
metric induced on dM. The background metrics b considered above are 
conformally compact in this sense. 

It is well know that, near infinity, for any sufficiently differentiable con- 
formally compact metric g we may choose the defining function p to be the 
^-distance to the boundary. Thus, if e is small enough, M^ can be identified 
with (0, e) X dM equipped with the metric 

(2.16) g = p-^dp'+^ip)) = p-^dp" +gAB{p)de^de''), 

where {5(/o)}pe(o,e) is a family of smooth, uniformly equivalent, metrics on 
9M, with ^(0) = g. However, the introduction of this system of coordinates 
might lead to a loss of up to two derivatives of the metric. This can be 
circumvented for (C, /c, cr)-asymptotically hyperbolic metrics by introducing 
a coordinate system as in [2, Appendix B] in which g takes the form 

(2.17) g = p-2 f (1 + o(/-+-))dp2 + g^^(p)de^de'' + oip'^+nAdpde^' 



with all metric coefficients of original differentiability class. 

If g is (C, k, o")-asymptotically hyperbolic with k > 2 and a > 0, we have 
(2.18) 

PgU := VVu-V^Vkug-uRic{g) = VVu+({n-l)u-V^Vku]g+0{p'')u , 

where the covariant derivatives are related to g, and the O^p"^) term is 
bounded (in 6-norm) together with its 6-derivatives up to order k — 2, hy p'^ 
times a constant depending on C and k. 
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3. A UNIFORM ESTIMATE FOR P* 

Let y be the function on A defined by: 



y: (f,4)x5M -^ M, 

We claim tliat: 



Proposition 3.1. Let co,a > and s > 0. There exist constants 
c\ = ci(n, s, co,o") > and 5q = 5o{n, s,co, a) > such that for all (co,4, a)- 
asymptotically hyperbolic metrics g, for all < 6 < 6o, and for all u satis- 
fying 

(3.2) yn = 0,...,k f e-'/yuu(^^)dfib, = 0, 

J A 

where k = n ifb is the standard hyperbolic metric, and k = otherwise, we 

have 

(3.3) 

/ e^^/yy'\P;^u\ldf,,, > c,5' [ e-/^(/|VVn|^^. + /|Vn|^^. + n^)^^,, , 
J A J A 

provided that the right-hand-side is finite. Similarly ()3.3p holds (with perhaps 

a different constant ci) if 

(3.4) V /i = 0, . . . , A; / e-'lyuVs^^^^~^d^Xg, = , 

J A 

or if in (j3.2p the measure z^^dzdfiT,^.-. is used. 

Remark 3.2. There is httle doubt that the result remains valid for (cq, 2, a) 
asymptotically hyperbolic metrics, or for those conformally compact metrics 
which are C^ up-to-boundary after the conformal rescaling, by using coor- 
dinates as in ()2.17p . For simplicity of calculations we assume (I2.16p . since 
our main gluing results require (co,4, it) asymptotically hyperbolic metrics 
anyway. 

Remark 3.3. The power of 6 in (|3.3p cannot be improved, which can be seen 
by considering a function of the form u{z, 0) = v{9)/z, with a nontrivial v 
of vanishing integral on dM, such that DDv -\ — ^_^ b{0) ^ 0, where D is 

the covariant derivative operator of 6(0), and such that v is L^((9M, 6(0))- 
orthogonal to the kernel of Pi (see (I3.15P below). 

Proof: In some of the calculations of this proof the reader might find it 
convenient to use the coordinate system of (|2.16p . Without loss of generality 
we can assume that a < 1. Let us define dvgg = 6^~^dfigg, and note that 
the measure dfig^ can be replaced by dvg^ in (J3.2p - (j3.4p : e.g., ()3.2p can be 
replaced by 

(3.5) y n = 0,...,k / e-'/yuui^^-^dvg, = . 

J A 

Suppose that (|3.3p with d^g^ there replaced by dvg^ does not hold, then there 
exist sequences 5n — > 0, g^"^' and n„ satisfying (j3.2p (respectively (|3.4p ) such 
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that the right-hand-side equals one, while the reverse inequality to (j3.3p 
holds with ci replaced by 1/n: 

(3-6) / e-^/yy'\Plu^\ld.,^ < | , 

(3.7) / e-^/'^(/| VVn„|2„ + /| Vn^l^^ + ul)d,.g„ = 1 , 

J A 



where we have set 



9n:=9t^ and P^ ^ P^^- 



Let y be the function on A defined in ()3.ip . Using (j2.18p to express VVtin 
in terms of Pq^Un and n„ one obtains (compare ()3.22p below) 

l^e~^/yy'\VVu^\ldu,„ < C J^e-^/y {y'\Pm + nl)du,^ 

(3.8) < C (^ + ^ 6-/^^2^ dz.,„ , 
which together with ()3.7p implies that there exists c > such that 

(3.9) f e-'/y{y'\Vun\l+nl)dug^>c. 
J A 

Now, 

(3.10) |Vn„|2^ = z2 (^|a,u„|2 + (52|aen„||^ 

where \ ■ \g„ denotes the norm of a tensor field on dM with respect to the 
metric 

5„(^):=?(")(<5„z). 
Note that, decreasing the constant po of Definition 12.11 if necessary, all the 
'gnS are uniformly equivalent to 6(0). From (j3.9p we obtain 

(3.11) / e~'/yiy^\d,un\^ + ul)d,yg„ > c , 
Ja 

for some c > 0. 

Clearly the trace of Pg^u satisfies an estimate of the form (j3.6p (compare 

Appendix [X|) 

(3.12) / e"^/^/|A3„n„ - nn„ + 0{d!^)un\^dug^ < C^ . 
J A ^ 

Let 

A„ Un 

E := Wun — — Qn = Wun - Un Qn + error , 

n 

where the error term is bounded, after integration, as in ()3.12p . From ()3.6p 
and (I3.12P we conclude that 

(3.13) j^e-^'yy'\E + 0{5"^)un\lJug^ < C^ . 

Since E is trace-free we have Ezz = —6~'^g^^EcD, so that 
(3.14) 

l^ll = ^'((1 + ;r^)l^-l' + '^^n\E.A\l + 6t\EAB - ^'>EcDgnAB\l 
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which together with the formulae in Appendix |X] (recall we have assumed 
a < 1) leads to 



(3.15) 



-/yy'(\d: 



Un + Z ^d. 



Un 



Z '^Un + 0{5^)Un\ 



+6'^\dzdAUn + Z ^dAUn + 0{6ndeUn) + 0{5Dun\ 



iW/ 



+5l\DADBUn - g^''\5nfDcDDUn{gn)AB + 0{5l)u.n\ 



dv„ 



< C- 



5i 



n 



Next, (|3.6p together with the formula for {P* u)zz in Appendix \K\ gives 
(3.16) 



e-^/-^/ 



[(n - l)z + 0(6^)] d,un + [(n - 1) + 0{6^)] u. 



~^n^gs„^n 






Choose 6no 7^ and let H^ and H^ be the Hilbert spaces with norms defined 
by the left-hand-sides of ()3.9p and ()3.7p with n = hq, and norms, covariant 
derivatives and measures related to 65 : 



(3.17) 
(3.18) 



u 



Mm 






Now, (|3.7p shows that n.„ and y^dzUn are bounded in L^ = 
L'^{A,e~^'ydvhg ). Equation (|3.12p proves that y'^ times the Laplacian of 

Un is bounded in L^. Further, ()3.15p establishes that y^d'^Un is bounded 
in L^. Simple algebra gives then that y^ times the tangential Laplacian of 
Un is bounded in L^. Coming back to (|3.15p we obtain that all tangential 
derivatives of u„ are L^-bounded, when multiplied by relevant powers of 
y. Standard interpolation gives an L^-bound for y^ times the first tangen- 
tial derivatives of u„. But (j3.15p shows now that the functions y'^dzdAUn 
are L^-bounded. Finally, an interpolation will bound every (weighted) first 
derivatives of ii„. 

So, the sequence u„ is bounded in H^, therefore there exists a subse- 
quence, still denoted by Un, which converges strongly in H^ . But ()3.8p with 
Un replaced by u„ — Um shows that u„ is Cauchy in H^ , hence there exists 
u E H^ such that Un converges to u in H^ . From (I3.15P we infer that 



\dlu + z-^d. 



u 



^-'u\'^ + \dzdAU + z ^dAu\ 



0, 



(3.19) +\DaDbu - b{Of^DcDDub{0)AB\l^^ 
while (|3.16p implies 

(3.20) zdzu + u = 0. 

Solving ()3.19p - (l3.20p . we conclude that n is a linear combination of the 
U(^)'s as given by ()2.14p for a standard hyperbolic metric, while u = const/z 
otherwise. But the integral in (|3.5p is continuous on H^, which implies 
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that (j3.2p is satisfied in the hmit. Similarly, 5"^ times the integral (j3.4p 
is continuous on H^. Recalling that the family {ui^\} is orthogonal with 
respect to the scalar product defined by the integral in p.2p . we obtain 
u = 0. This contradicts ()3.9p . and proves the result. El 

Let ■0 = e~^'^^, (p = y^. We will use spaces H^ = H^^ of tensor fields on 
A (compare [8]) for which the norms 




(3.21) ||n||^. := / (^ </<2.|^«^|2^)^2^(n-i)^^ 



are finite, where V'*) stands for the tensor V...Vu, with V — the Levi- 

i times 

Civita covariant derivative of gg; we assume throughout that the metric is 
at least W^^^; higher differentiability will be usually indicated whenever 
needed. The factor 5^'^~^' in front of the measure dfig^ has been included 
so that 6^"'~^^ dfig^ is equivalent to the Lebesgue coordinate measure dzdO, 
uniformly in 6. 

Note that Hg^ involves weights, but L^ does not. 

An equivalent norm, and therefore the same space, is obtained if gs in 
(j3.2ip is replaced by bs- 

We will need the following: 

Lemma 3.4. Let CQ,a > and s > 0. There exist constants C = 
C{n,i,s,co,a) > and 5o = 5o{n,i,s,co,a) > such that for all 
{cQ,i + 2, a) -asymptotically hyperbolic metrics g and for all < S < Sq 

\\u\\rTl + 2 < Cl\\(j)^P*u\\rTi +\\u\\hO 
II ll_Hg^ \^l|-^ 9S ll-Hg^ II ll-^g^ 

Proof: For i = the result has been established in the course of the proof of 
Proposition [3T1 see the first line of (13. 8p . For ^ = 1 we start the calculation 
that follows with k = 2 and we stop at the second line, invoking weighted 
interpolation and the result for i = to conclude. Otherwise, suppose that 
the result is true for A; — 1 < ^o with Iq > 1. Using [8, Equation (A. 4)] 

(one can check that the constants in equations (A. 2) and (A. 3) there, thus 
also in (A. 4), do not depend on 6) to control the first term when passing 
from the second to the third line below, we find for 2<k— l + 2<iQ + 2 

||^A:+lV(A:-l)(V(2)^ _ Augs)\\HO^ = U'+'V^'-'\P*U - (n - 1)^ + 0(5-)n)||HO^ 

" ""as 

+C1II (/.2 ^^~^V^^-^^[{1 + 0{6''))u]\\ho^ 
<c 
< c(||(/)2p*n||„fc-i + C2 




) 



<C(||</.2p*n|| fc_3 + ||n||j^0 ) 



< C{l + CC2)\\rP*u\\^k-i+C'C2\\u\\H0 

-"9(5 9c5 
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This is the desired inequahty, to see this set 

T := v('^+^)n , S:= V^'^"^) (V\ - Augs) , 

or, in index notation, 

Ti^...h_dk ■■= Vii • • • V^,_,VjVkU 

Si^...ik-i3k ■= Vii • • • Vij^_j VjVfc-u - Vji • • • Vi^^jV^V^-u {g5)jk , 
straightforward algebra shows that 

(3-22) \T\l < \S\l , 

and the Lemma follows. D 



As in [81 we set 

^ gs ■- "y ^ gs'y f" ^ gs 



(3.23) Lg, := ^-2p^^^4^2^* 
and 

(3.24) K,, =kern*. 
The proof of [8, Theorem 3.6] shows that 

exists for 5 small enough. However, uniform boundedness in 5 of L^^ does 
not hold in our case, instead we have: 

Corollary 3.5. Let k £ N, co,a > and s > 0. There exist constants 
C = C{n,k,s,co,a) > and 5o = 6o{n,k,s,co,a) > such that for all 
(co. A; + 4, a) -asymptotically hyperbolic metrics g, for all < 6 < 5o, and for 
all u satisfying (13. 2|) or (13. 4p 

11-^^. ^11 c7fc+4 < C( llnllfrfc + 6~ Hull wo 

Proof: By Proposition 13.11 we have (recall that H^ is weighted but L^ is 
not) 

= {iJU,tPLg^u)L2^ < \\^pLg^u\\LlJ\M\Ll = \\LgsU\\HoJ\u\\HO^ ■ 
Replacing u by L~}^u we conclude that 

(3.25) c5 ||L~ ii||cj2 < IIuIIh-o . 

\ / II y* " ss " "as 

In order to finish the proof we will use the following elliptic estimate, which 
is standard except for the uniformity in 5] the proof can be found in Appen- 
dix [B 

Lemma 3.6. Under the conditions of Corollary \3.5\ there exists a constant 
C, independent of g and 5, such that for 5 small 

(3.26) ||u|| ufc+4 < C( IlLo^Mllrrfc +||M||f70 



U 
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Returning to the proof of Corollary 13.51 we replace u by L^}u in p.26p 
to obtain 

(3.27) \\Lglu\\H^+^ ^ '^(ll^ll^^, + 11^9/^lln 

and the Corollary follows from (j3.25p . D 

Summarizing, we have proved: 

Theorem 3.7. Let /c G N, cr > 0, cq > and s > 0. There exist constants 
C = C{n, s, a, Co) > and 5o = So{n, s, a, cq) > such that for all (cq, k + 
4, a) -asymptotically hyperbolic metrics g, for all < 6 < 6q and for any 






C6 ||M||rrfc+4 < IlLo.ullrrfe 



In particular the operator U ±g^Lg^, where 11 ±g^ denotes orthogonal pro- 

bg bg 

such that the norm of its inverse is hounded by C~^S"^. 



jection on K^^ "* in H^ , is an isomorphism from H^^"^ n Kf^ ^^ to H^ n K^^ "'' 



D 
At this point, we have established Step 2) of the Introduction, as well as 
some elements of Step 3) . We continue with further details of Step 3) . 

4. The gluing construction on a moving annulus 

In this section we prove Theorem 11.21 We set k = I — 4:. We consider 
conformally compact asymptotically hyperbolic metrics g which asymptote, 
with k+2 derivatives, to a fixed AH metric b. We fix a small 5o > and define 
the space VF^ '""{M^Sg) of symmetric two tensors with k + A 6-covariant 
derivatives bounded on M^Sq^ relatively to the norm of b. Following [8], we 
assume that g — b is close to zero in Wg^ '""{M^So)- 

Similarly to (j2.7p . we denote by gs the metric on ^1^4 obtained by re- 
stricting g to As^is, and rescaling the p coordinate to ^1,4. Unless explicitly 
specified otherwise, covariant derivatives on ^1^4 are related to gs- 

As in [8], consider the map 

h ^ U{i;-^[R{gs + h)-R{gs)]}, 

where Kf,^ = Ker Pj^ , where Pj^_ is as in (j2.9p . and 11 is the H^ projection 
onto Kj^ , the ff^-orthogonal of Kb^ ; all the spaces here are spaces of tensors 
on ^1,4. 

One should keep in mind that we are interested in /I's of the form h = 
'ijj'^(j)^P*u, u G H^^ n K^ , with u small in the last space. 

Near h = the map fgg is a smooth map between Hilbert spaces. We 
consider now [8, Proposition G.l] with x = gs so that fx there equals fg^ 
here. One checks that / satisfies conditions (2) and (3) of [8, Proposition 
G.l] with the set A there being 

(4.1) A = {gs , 0<6<do, {g-b) sufficiently small in W^^^''^ {MiSa)] ■ 

Furthermore, 

Vx = ^^(t^''Hl+\ Wx = Hi n Kt, . 
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Now, fgg satisfies a modified version of condition (1) there: here, by The- 
orem I3.7[ we have that Dfx{0) has a right inverse ip'^4''^P*L~^ bounded 
by Ci5~^, where Ci does not depend upon x ^ A. For the sake of nota- 
tional legibility we present the argument without using the smoothing oper- 
ators of [9]; the latter provide what is needed to obtain the differentiability 
claimed. Note that we haven't assumed any uniformity in 5 on the modu- 
lus of the Holder continuity of g, as the solution will exist, and will have 
Holder regularity, without any such assumptions. Any further hypotheses 
about uniformity of that modulus would be reflected in associated unifor- 
mity for the metrics obtained by the gluing procedure, but such uniformity 
is irrelevant for our purposes. 

A repetition of the proof of Proposition G.l of [8] with Ci there replaced 
with Ci6~'^ yields: 



Theorem 4.1. There exist constants e > and C > such that for all 5 



sufficiently small and for all functions f G H^ with 



/,2j,4 



fjk < £(5^, 



there exists a unique h = ^ (f) P*^u, with \\il) cf) h\\jjk+2 close to zero, 
satisfying fg^ (/i) = H/ and 

\\i;-^^-^h\\j^k+2 < C'||n||^fc+4 < C6-^\\f\\Hk < Ce. 

s s & 

We will use Theorem 14.11 to glue an AH metric g, with timelike energy- 
momentum vector, with a Kottler one bp. ,, on an annulus ^5,45. Let x be 
a cutoff function equal to zero on Ai^2 and to one on A3, 4. We define a first 
glued metric on Ai^4 as 

(4-2) 5'<5,p(^) := Xgs + (1 - X)&5,P(^) • 

It is clear that the metric gs^p, . belongs to the set A of ()4.ip . Set 

(4.3) / := i^-^[R{bs) - R{g5,p,,,)] = ^p-'[Ribs,p,J - R{gs,p,,,)] • 

Let p9 N be the momentum vector of g. We will assume that g has the 
following asymptotic behaviour 

(4.4) \g - 6 n I, + \I){g _ 6^0 )|, + . . . + \D^'+^\g - b. )|, = 0(p") , 

for some a > 0, to be restricted shortly; here D is the covariant derivative 
of b. Recall that 

(4.5) \bp^^^ - b\, + \bbpj, + ... + \b^^+^\j, = 0{p^). 

Under (|4.4p we have 
(4.6) 

where the norm and covariant derivatives are defined by 65. This implies 

(4.7) \g5,p^^) - h,p^Jbt, < \9s,p^^)-bs^pO^Jhs + \h,p^^)-bs^pO^Jbs 

= O(5") + O(|p(^)-p0^)|<5") 
= 0((5°) + 0(5^+") , 
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provided that p(^) is assumed to satisfy 

(4.8) |p(^)-p0^^|=O(5^), 

for some /? > 0. An inequality similar to (|4.7|) holds for derivatives of order 
up to /c + 2. It follows that the function / defined in (|4.3|) satisfies 

\\f\\Hl=0{6n + 0{6^+n- 
By Theorem 14.11 if 

(4.9) a>4, /5 + n>4, 

then for all 6 small enough there exists a solution hg^p to the equation 





/96,P(^)(^<5,P(M))=n/, 


with 




(4.10) 


IIV'"W(.)ll//,^+^ = o(5""^) + 



+ o(5^+"-^) . 

Summarizing, for all ptfj,)^ ^^ have constructed a solution hs^p, ,, modulo 
kernel, to the equation 

^i9s,p^^^ + h5,p^^^) - Rib) = , 

satisfying ()4.10p . This finishes Step 3) of the Introduction. 
We now proceed to Step 4). Set 

We consider now the projection onto the kernel as follows. For all 6 small, 
and for all ptj^A satisfying ()4.8p , we define 

(4.11) /5(p(^)) = y^n[^P~\Rigs,p^J - R{bs))] , 

where vr is the H^ orthogonal projection onto Ki,^. We want to show that 
we can choose p(^) such that h{p[y)) = 0. We need the following identity, 
from [10]: 

(4.12) VdiF^ N{Rg - Rh) = di (u^(iV)) + ^/d^ (p + Q) , 
where 

(4.13) W{N) := 2^3^ (^Ng'^^g^^'bjgM + D^'Ng^^'^ejk^ 

(4.14) p := i-NR[c{b)ij + DiDjN - AbNbij)g"'g^^eki , 

(4.15) Q := N{g'^ - W + g'^^g^'eu) Ric(6)i, + Q' . 

Brackets over a symbol denote anti-symmetrisation, with an appropriate 
numerical factor (1/2 in the case of two indices), and D denotes the covariant 
derivative operator of the metric b; note that p here should not be confused 
with the defining function of the boundary. Here Q' denotes an expression 
which is bilinear in 

e = Cijdx^dx^ := {gij — bij)dx^dx^ , 

and in D^eij, linear in N, dN and HessA^, with coefficients which are con- 
stants in any ON frame for b. The key is that p vanishes when N is in the 
kernel of P>*, and then Q is at least quadratic in e near e = 0. Indeed, the 
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first term at the right-hand-side of (j4.15p does not contain any terms linear 
in Cij when Taylor expanded at gij = bij. 

The integral of U at the boundary at infinity provides the momentum 
vector, and we need to know how fast the limit is approached. The simplest 
case arises when g is a Kottler metric bm with mass parameter m, so that 
(see ([L2D and (fOll ) 

(4.16) ^..=|:J+''^';. '=|^+''^';. 

where h is the unit round metric on the sphere §"~^. If {r} x S"~^ is 

positively oriented, a calculation gives 

(4.17) 

[ V'dSi = 2w„_i(n - l)WW~^m = 2u;„„i(n - l)m + Oir^"") , 

J{r}x§"-1 

where uJn-i is the volume of S"""*^. An identical formula, with uJn-i replaced 
by the 6-volume of A^, holds for the non-spherical Kottler metrics (12. 5p . 
Next, assume that |g'— 6|ft = 0{r~°'), where r is a coordinate for b as in (I4.16p . 
and h is an (r-independent) metric on the compact conformal boundary 
N, with the same decay rate for first derivatives, and with R{g) = R{b). 
Integrating (14.120 over [r, oo) x N one finds, for a > n/2, 

(4.18) / U*(F(^))d5, = p(^) + Oir^-^n , 

J{r}xN 

which coincides of course with (14.170 if a = n; we note that a = n is the 
appropriate rate for Kottler metrics, whether boosted or not. 

To calculate (|4.1ip explicitly, let V5(^) be a basis of Kh^, the vanishing 
of (|4.1ip is then equivalent to the vanishing of the collection of integrals 
Mp) = {J5,(u)), where p = (p(^)) and 



Js,{u) ■= V' V' (Rias^p^^-,) - Rib5))Vs^(^)d^ibs 



1,4 



In order to use (|4.12p we need to change the measure df-ii,^ to dfig^ , the 
following estimates are useful for that: 

R{9s,p,J - Ribs) = 0{5^) + 0(5"+^) , 

df,,, = (l + 0(<5-"^) + 0{6-+^'') + 0{6n) d/.^,,^^^ . 

Keeping in mind that Vs(^) behaves as 6^^, and that the volume form grows 
as (5^~", this leads to 

(^ " 

1,4 

2Q_4-nN , ^. ■-2{/3+n)-4-nN , n(^°'\ -L- n(S'^+P\ 



Am = / ^^ W95,p,J - R{b5))Vs^(^u)dfIgg 
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Here the terms 0((5^(°~^)~") and 0(j2(/3+n-4)-n^ ^^ ^^le third hne arise from 
the terms quadratic in (j4.12p and from the first two terms in the second Hne, 
while the terms 0(5") and 0{5'^'^~^) arise from the difference between the 
boundary term and its hmit (namely p9 x —P{^)) when 5 goes to zero, compare 
(j4.17p and ()4.18p . and also contain the last two terms in the second line. To 
close the argument all error terms should go to zero as 5 tends to zero, thus 

(4.19) 2a-8-n-/3>0, /3 + n-8>0, n-/3>0. 

(Note that (|4.9p does not impose any further restrictions.) This is equivalent 
to 

(4.20) n>5, a> — -, maa;(8- n,0) < /3 < n . 

So (3 can be chosen consistently with those bounds provided that ()1.4p holds. 

If the kernel of P^ is one-dimensional, with p9 -s = ttiq, then for 5 small, 
using the intermediate value theorem, there exists p{Q\ = ?n, in an interval 
[—777-0; 2?Tio] such that Jsim) = = Isim), proving existence of a solution. 

Otherwise, under ()4.20p . we can use a Brouwer fixed point theorem as in 
Lemma 3.18 of [8] with: 

• [/: a bounded open ball of centre in M""*"^; 

• G = Id: g(^) ^ q^;,), 

• V = U, 

• X = l/5 and Gx = Gys = ^^^Jsivl^^ + Sf^Qif.)), 

• y = 0. 

This shows that for small 6, we can choose pt^\ so that Is{P(^)) = 0, which 
again proves existence of a solution. 

Regularity follows from [9, Theorem 4.9]. This completes the proof of 
Theorem 11.21 D 

5. The gluing construction on a fixed annulus 

The question addressed in Theorem 11.11 is a special case of the following: 
In dimension 77 > 3, consider an 77-dimensional submanifold M C Mg^t, 
where M^xt has been defined in (jl.ip . with compact, connected, nonempty 
boundary dM which separates M^xt into two components, one of which is 
bounded. We further suppose that M is included in the bounded component, 
and that M is equipped with a metric g G C^'^, £ > [§J + 4, A G (0, 1), of 
constant negative scalar curvature. 

Let Ml C M be a one-sided collar neighbourhood of dM contained in M, 
we will refer to Mi as the interior collar. 

Let M2 C -Mext be a one-sided collar neighbourhood of dM which lies in 
the unbounded component of Mext, we refer to M2 as the exterior collar. 

The extension problem is to find a constant scalar curvature metric on 
M U M2 which coincides with g on M, and which coincides with a Kottler 
metric near dM2 \ dM. In this case we set M' = M and M" = M U M2. In 
this problem one would presumably want M2 to be small: a solution with a 
small M2 provides a solution for any bigger one. 

The deformation problem is to find a constant scalar curvature metric on 
M which coincides with g on M \ Mi, and which coincides with a Kottler 
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metric near dM. In this case we set M' = M \ Mi and M" = M. Similarly 
to the previous problem, one would presumably want Mi to be small. 

Let p9 ^ denote the energy-momentum vector of dM, 

defined as: 

(5.1) pI) = f U'{n,))dSi , 

JdM 

with U as in ()4.13l) . and V(^) defined in Section [2l If {N,b) is the round 
sphere, then p9 ^ is a vector in M""'"^. Otherwise p9 -^ is simply a number, 
say rriQ. 
Denote by 



JdM 

the map which to a Kottler metric bp. associates the energy-moment vector 
of dM, where U* is calculated using (|4.13|) with g there replaced by bp . 

Remark 5.1. As an illustration, assume that dM = {r} x N for some 
r. Suppose that {N, b) is not a round sphere, then "09^/ is a smooth dif- 
feomorphism between an interval of masses around rriQ and its image; this 
follows immediately from the (non-spherical equivalent of the) first equality 
in (j4.17p . The result remains true in the spherical case when one restricts 
ijjQM to the standard, unboosted Kottler metrics bm as given by (|1.2p . 



Similarly, consider dM = {r} x A^ for some r, with (iV, b) — a round 
sphere, and assume moreover that p9 ■. lies in the image of V'SM- It is then 

easily seen from ()4.18p that V'^m provides a smooth diffeomorphism between 
a neighbourhood of p9 % and its image provided that r is large enough. 
We have the following: 

Theorem 5.2. Letn>3,N 3 i> [|J +4, A G (0, 1). Assume that the map 
'iJJqm ^-^ ^ homeomorphism of a neighbourhood of p^^ ^^ and its image. There 
exists e > such that if 

\\9 - ^^-i(p0^j)llc'^.^(M) < ^ ; 

then there exists a C^'^ metric of constant negative scalar curvature which 
coincides with g on M' , and which is a Kottler metric on the unbounded 
component of M^xt \ dM away from M" . If g is smooth, then so is the 
solution of the deformation problem. 

Proof: We proceed as in [8, Section 8.6] but we use the refined versions of 
Theorem 5.6 and Proposition 5.7 of [8] used there, as given by Theorems 3.1 
and 4.9 of [9] (compare Section 6.3 of [9]). The gluing is done on the collar 
neighbourhood [0, 1] x dM, with go there being bp, ., K = SJ = 0, g there 
equal to X5 + (1 ~ x)i'p, where x is a cutoff function which vanishes near 
dM, which we identify with {1} x dM; finally, p(^) is close to i^QMiP^n))- 
One thus obtains a solution modulo kernel (note that for the estimates on 
pp. 53-54 of [8], we have to replace p there with R-\-n(n—l)). For the kernel 
projection (see [8, Equation (8.24), p. 55]) we proceed as in [8], p. 55, where 
Q there is replaced by p here. By [11, Lemma 3.3] the kernel at &^-i(pO ) is 
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one-dimensional except in the spherical case with b^-i/ o \ = b, so except 

for this last case this is a straightforward continuity argument by varying 
masses in an interval around tuq. The Holder regularity of the final metric 
follows from Theorem 4.9 of [9]. D 



Proof of Theorem [TTTJ The result follows immediately from Theorem[5?2 



and Remark 15.11 except in the spherical case with b^-i/ o ) = b. In this last 

situation, the supplementary hypothesis of parity insures that all construc- 
tions can be made within the class of parity symmetric metrics. The kernel 
within this class is one-dimensional, and the solution can be adjusted by 
changing bm in the exterior region within the family of unboosted Kottler 
metrics; compare the proof of Theorem 2.1 in [7]. D 

6. 6-CONFORMAL DEFORMATIONS NEAR INFINITY 

Let M be a compact manifold with boundary, set M = M \ 5M, and 
let p he a defining function for dM. Let 6 be a C^+'^^°^ metric on M. Let 
h be covariant symmetric two tensor field such that g = b + h \s positive 
definite, and for functions v > —1 set u = 1 + v. For (5 > and h ^ C^ 
we consider the function Fg defined on a neighbourhood of zero in C^ 
to u^ as 

n — 1 J, n+2 

Fq(v) = -4 V VkU + R(g)u + n(n - l)u"-^ , 

n — 2 

where covariant derivatives are related to g = b + h, with the spaces C^ '" 
of tensors fields or functions as in [16]. Note that Fg{v) = if and only if 

4 

the scalar curvature oiu'^-'^g equals —n{n— 1). The map Fg is smooth near 
zero and, if R{g) = —n{n — 1), the derivative at u = given by 

F;^{0)w = A^{-V'Vk + n)w. 
^ n — 2 

The map F'{0) is an isomorphism from C^ '" to C^'" when 6 G (— l,n) [2, 
Theorem 7.2.1], so in particular when 6 G (0, n). The implicit function 
theorem then shows: 

Proposition 6.1. Let k G^, 6 £ (0,n), a £ (0, 1), and for h £ Cg^"^'" let 
g = b + h be a metric on M as described above with constant scalar curvature 
—n{n — l). There exists e > and a constant C such that for any h £ Cg 
with norm less than e there exists a unique v £ Cg '" satisfying 

Fg + h{v) = , V > —I , \\v\\^k + 2,a < C||/l|Lfc + 2,a , 

6 6 

4 

SO that the tensor field ti"-2 [g + h) defines a Riemannian metric with con- 
stant scalar curvature —n{n — 1). The map h ^^ v is smooth near zero. 

Given a Riemannian metric g as in the statement of Proposition 16. H we 
will use that Proposition to construct metrics which are arbitrarily close to g 
on compact sets, and which are conformal to the background b near infinity, 
as follows. Let < 6 < a, 5 < n, and let ga be the metric interpolating 
between g and b on the annulus Aa^a, as in (j4.2p . Then ga = g + ha, 
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where ha G Ca '° C Cv '^ with ||/ia||„fc+2,Q going to zero when a does. 

Proposition 16.11 shows that for all a small enough there exists Va G C^ 
satisfying Uq > — 1 such that the metric 

(6.1) 9a-={l+Va)^ga 

has scalar curvature —n{n — 1), and Va goes to zero in C^ '" when a does. 
In particular, Va goes to zero with [k + 2, a) derivatives uniformly on any 
compact subset of M. 

The metric 'cja is conformal to h near the conformal boundary at infinity. 
If we assume that p^h is smooth up to boundary at OM, then the conformal 
factor u is poly homogeneous at the conformal boundary [2,3] . Further [3], 
the asymptotic expansion of Ua = 1+fa is identical to that of the background 
metric h up to terms 0{p^). This implies that Ua is in fact smooth up to 
boundary and, for small p, 

(6.2) Ida - b\b = 0{p^) . 

If h has the form (|1.2p . with b - Einstein, and if a > n/2, then the energy- 
momentum vector pr^\ of g is well defined. We can then choose 6 > n/2, 
in which case it immediately follows from the definition of pi^\ and from 

4 

()4.12p - ()4.15p that the energy-momentum vector of (1 -|- Va)"''^ga tends to 
that of ^ as a goes to zero. 

As we have seen, the construction can be done rather generally, resulting 
in a small conformal deformation of the metric on compact sets. It turns 
out that the deformation can be localized to the asymptotic region if one 
supposes, moreover, that g is not static in the asymptotic region; by this 
we mean that P? has no kernel on Mg for all e small enough. Then the 
deformation can be localized to the exterior region, in the sense that for any 
e > we can find a constant scalar curvature metric g^ which coincides with 
^ on Af \ Mg, with M^ as in (|2.ip . and which is conformal to h near the 
conformal boundary. The construction goes as follows: By the arguments 
in [4] there exists a sequence of annuli Aa^^Aai on which P? has no kernel. 
Choose Ojo < e/4, for all a < ai^ small enough let ga be as in ()6.ip . then 
ga restricted to Aa^ ^\ai approaches zero in (7'=+2>"_ gy ^i^g gluing results 
of [8,9], for k> [^J +2 and for a small enough 'ga can be deformed within 
A„. An' to a metric Op with constant scalar curvature which coincides with 
^ on M \ M^ai C M \ Me, and which coincides with 'ga on Mq- , hence 
is conformal to b near the conformal boundary at infinity. In particular g^ 
approaches b as 0{p^) by (16. 2p . 

Summarizing, we have proved the following result, somewhat reminiscent 
of [21, Proposition 4.1]: 

Proposition 6.2. Let dimM = n > 3, C,a > 0, £ e n, £ > 2, a e (0, 1) 
and suppose that g = b + h is a Riemannian metric with scalar curvature 
-n{n - 1) with p% G C^''^(M) and h G C^'". Then: 

(1) For alle > there exists a metric ge with scalar curvature —n{n — \), 
conformal to g away from M^, and conformal to b near the conformal 
boundary. 
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(2) Furthermore g^ converges to g in C^'°'{^) topology on any relatively 
compact open subset ^ of M . 

(3) If p^b is sufficiently differentiable at the conformal boundary (e.g., 
smooth), then the metrics g^ approach b as 0{p'^) for small p. 

(4) If b is of the form (jl.2|) with b Einstein, and if a > n/2, then the 
energy-momentum of gg approaches that of g as e tends to zero. 

(5) If i > [^J + 4 and if there exists eg > such that P? has no kernel 
on AjgMgjj, then g^ can be chosen to coincide with g away from M^^, 
but then the convergence of point (2) to g is in C '"(^) topology 
only. 

Appendix A. The asymptotics of P* 

A.l. Conformally compact metrics. In this section, we study the be- 
haviour of the operator P* when rescaled from A^^/^^ to ^1^4, with 5 tending 
to zero, for conformally compact metric, asymptotically hyperbolic in the 
sense of [18]. We consider on M45 a metric of the form 

(A.l) g = p~\dp' + d{p))=:p~^^. 

This metric is conformally compact and \dp\-g = 1 at infinity so 

Ric(5) = -(n-l)<7 + 0(p), 

where 0{p) is a symmetric covariant two tensor with (/-norm of order 0{p) 
(equivalently ^-norm of order 0{p~^)). 

We study the metric on A^ 45 , of course this calculation is valid for g = 6 
with b as is (j2.3p or (jl.Sp . This can be pulled-back to A = ^1^4 using the 
change of variable p = 6z io 

gs = z"\dz^+6~^'g{z)), 

where g{z) = 'g{6z). The determinant reads 

det{gs) = ^-2-<5-2(n-i) det( 'g) . 

The non-trivial Christoffel symbols of gs are 

(Spz ^ _ -1 



^AB = -^(-2^"'^"' '9AB + z-''5-''d, 'gAB) 



1 



^Az- ^zA-^y-^z 6^+ g dz gAB), 

^ AB — ^ AB\ 9) —■ i- AB- 
We note that dz gAB{z) = Sdp'gABi^z) = 0{5). The Hessian of a function 
u takes the form 

VzdzU = din + z~^dzU, 

^VzdAU = dzdAU + {z-H'i + 0(5)S)9cn, 
^VaBbu = ^VaBbu - {z~H~^ ^gAB + 0{5-^)AB)dzU, 
thus 

^V^dku = z^dlu - [(n - 2)z + 0{5)]dzU + z^5'^ ^V'^Bau. 
This gives 

{P;,u)zz = [{n - l)z~^ + 0{5)]dzu - uKic{g5)zz - 6^ ^V^Oau, 
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{P*u),A = d.dAU + {z-H'i + 0{6fA)dcu -uRicigs 






{P1u)ab = ^VaBbu- ^V^dcu^gAB-5~^dlu^gAB 



+ [{n - 3)2-1(5-2 ^gAB + 0{5-^)AB]dzU - umc{gs)AB- 

Now, recall that 'Ric{g) = — (n — l)g + p"^T, where T is g bounded. As 
g = dp^ + g{p) = 6^dz^ + ^g{z), we have that T^^ = 0{6^), T^a = 0{5) and 
Tab = 0(1), thus the coordinate components of Pq,u are 

{P*a,u)zz = [{n - l)z-i + 0{5)\d,u + [(n - l)^-^ + 0{5)]u - 5^ ^V^Oau, 

{Pg,u),A = d.dAU + {z~^6'^ + 0{6)'^)dcu - uO{l),A, 

{P;,u)ab = ^VaObu - ^V'^dcu ^gAB - d-^d^,u ^^ab 
+ [{n - ?,)z~H~^ ^gAB + 0{6~')AB]dzU 



+u{n - l){z-H-^ ^gAB + 0{6-^) 



AB) 



A. 2. The (C, /c, cr)-asymptotically hyperbolic case. In this section we 
compare the behaviour of the operator P* with that of P^, when rescaled 
from A^^^s to Ai^4, for (C, k, cr)-asymptotically hyperbolic metrics of the form 
(jA.ip . We also give an explicit formula for P^ and its kernel for metrics of 
the form (lOD . 

If A; G N, (T > 0, and g is (C, k, cr)-asymptotically hyperbolic with b of the 
form ()2.3p . we have 

Ric(5) = Ric(6) + Oip") = -{n - 1)6 + Oip") = -{n-l)g + Oip"), 

where 0{p") is a symmetric covariant two tensor with ^(-norm (or fe-norm) 
of order 0{p'^) (equivalently ^-norm of order 0{p'^~'^)) . 

First, we have g{p) — b{p) = 0{p^) and dp\g — h\[p) = O(p'^-i), so that 

'aiz) - 'b{z) = 0{5^) , 

d,[^g- ^]{z) = 5 0{5''~^) = 0{5''). 
The non-trivial Christoffel symbols of gs are 

'Kz = -Z-' = 'riM), 

'r\B= 'nB{bs) + 0{6^-')AB, 
'T<A,= 'T^A= 'T<AAb5) + 0{6n'A, 

'r^B = tSbC '?) = '^iBi'b) + o{5n%. 

Let 1/ be a one-form on A. To make things clear, let V denote the covariant 
derivative operator of the metric bs and V the one for gs, we have 

^"^zl^z = dzVz + Z~^Vz, 
^V,VA = ^VzVA + Oid'^fAVc, 
^VaPz = ^Va^z + Oib'^fAVc. 

Navb = ^Vai^b + 0{5''-^)AByz + 0{n%vc. 
where the error terms are measured with any fixed metric on the compact 
set A e.g. dz^ -^6(0). 
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If z^ = du, then 

^V,d,u = dlu + z-^d,u = ^V,d,u, 
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x<^\C 



'VaObu = 'VaObu + 0{5''-')ABdzU + 0{5'')'ABdcu 



thus 



We obtain for the components of Pq.u: 

{Plu),, = (p,*^u),,+0(5-)a,7x+0(5-)7x+0(5-+2)^^ ^VBdAU+0{5-+^fdcu, 

{P;,u),A = {Pb,u),A + 0{5''fAdcu + 0{6''-^)au, 
{P*u)ab = {PZu)AB+0{d''~^)ABd,u+0{6n'^ ^VcdAU+0{6n'ABdcu+0iS''~^)ABU . 



Next, we compute the exphcit expression of P^^ for a metric of the form 



gs"'J^^ — V- bs 

Next, we com 
()2.3p . In that case we have 

s 



b(z) 



-Kt 



then 



d,i%)iz) = -k5^z 



r-u'i 



The non-trivial Christoffel symbols of bs are 

-1 



'- zz ~ ^ 



^ AB 



5~'z 



2„-l 



l-k 



bz 



^ Az — -^ 



--IT 



-1 



l + k 



1 + k 



5z 



6z 



bAB, 



s'a, 



We thus obtain for the components of the Hessian of u: 

'^zdzU = dlu + z~^dzU, 



^VzOau = dzdAU + z ^ 

^VaObu = VaObu - b-'^z-^ 
thus 



1-.4 



-1 



:-...| 



, (bz 
1 + A; — 

, , bz 

1 + My 



bAB dzU, 



Syjk 



V^dkU 



z^dlu + { 



l-(n-l) 



i-m| 






zd 



ZO2U 



+zH^ 



l-k 



bz 



V^dAU. 



24 



P.T. CHRUSCIEL AND E. DELAY 



One checks that Ric(6) = — (n — 1)6, which iniphes 

mc{bs)=-{n-l)bs. 
We obtain for the components of Pj* u: 



(n» 



(n-l)< 



1-k 
1 



5z 



1 + k 



n 



1 



l-k[ — 



-\ -2 



^dzU + z "^u 



V^'dAu), 



{PLu)zA = dzdAU + z ^ 



1-k 



6z 



-1 



1 + k 



6z 



Oau, 



{PLu\ 



AB 



VaQbu - V^dcuhAB - (5"^z"2 



^'T 



z^dlu 



+z\l-{n-2) \l[. 



Now, a function u is in the kernel of P^ if and only if 

^Vdu = ubs. 
One checks that 

-1 



dzU - {n- l)u \hAB- 



uq 



1 I ^z 



is indeed in this kernel. Further, if f is a non trivial solution of the Obata- 
type equation 

VaQbv = -kv bAB 
on the boundary at infinity, then the function 



vz 



1 



<Y 



satisfies (P^* u)zz = iP^ u)zA = 0, with {(P^ u)ab = if and only if k = 1). 
Finally, it is an easy exercise to show that these functions generate the 
kernel of P.* . Here one can use the well known fact that the kernel of P* 

OS 

has dimension at most n + 1 (see, e.g., [12]). 

Appendix B. Proof of Lemma [3T6] 

Throughout this appendix we write As for Ag^^s and A for Ai^^; we hope 
that the clash of notation with the A-spaces occasionally used elsewhere 
will not confuse the reader. We start by scaling As to A = (1,4) x dM. 
Recall that the weight function (p = y"^ on A relevant for the calculation 
at hand equals {z — l)^{z — 4)^/9, where z runs along the (1,4) factor of 
A. The argument that follows actually applies to any non-negative function 
(j) = (t>{z) which vanishes precisely at the boundary of A and satisfies: 

(/>(1) = m = (/>'(1) = </''(4) = , </<"(l) > , (/>"(4) > . 
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The idea of the proof is to cover (1,4) by intervals Jj, with sizes chosen 
so that on each interval the ratio sup </>/ inf (/> is bounded independently of 
i. Furthermore, the size of each interval should be of the order of the value 
of (f) on the interval, to ensure good scaling properties. We then use interior 
elliptic estimates after a cube decomposition of li x dM; this requires a 
second family of thickened intervals /j, with properties similar to the ones 
satisfied by the /j's. Summing over the cubes provides the desired estimate, 
after having ensured that the /j's do not overlap too much. We note that 
the scalings in z and 6 are different; the former is tailored to account for 
the degeneracy in the "radial" z-direction, measured by cp, and the latter 
accounting for the (^(^-dependent degeneracy in the "angular" -direction. 

So we divide (1,4) into intervals 

(B.l) 4C4. C(l,4), Ufc4 = (l,4), 

as follows: There exists 1 < zi < 5/2 such that (j) : [l,zi] -^ M+ is strictly 
increasing. Choose a > small enough so that 

z — 2a0(z) > 1 on (1, zi] and zi + a{(j){zi)) < 4 . 

Define Zi by induction using 

Zj+i = Zi- acpizi) , 

thus 1 < Zj+i < Zi, and limj_»oo Zi = 1. For any function / G L^{^) we thus 
have 

(B.2) [ f = yZ[ f ■ 

J[l,zi]xdM ^ J[zi+i,z,]xdM 

We want to show that there exists a constant C such that for all a small 
enough and for all positive integrable functions / we have 

(B.3) V / f<c[ f . 

■ J[z,-2a<j>{zi),Zi+a(l){zi)]xdM J[l,4:]xdM 

In order to do that we need to count how many of the intervals [zi — 
2a(p{zi),Zi + a(f){zi)] overlap. Letting b := acf)" {l)/2, one easily finds 

Zi-2a^{zi)-l = (z, -l)fl-26(z, -l))+of(z, -1)3^ 

Zi+k 

z,+k + a<P{z^+k) - I = (z, -l)(l-(A:-l)6(z, -l))+o((z, -1)3) , 

where the error terms in the second and third equation depend upon k. 
Choosing A: = 4, it follows that 

Zi+k + a(j){zi+k) < Zi - 2a(j){zi) 

for all i large enough. So for i large enough [zi — 2a4){zi),Zi + a(/)(zj)] will 
intersect at most six such other intervals, and ()B.3p with a constant C > 6 
follows. 

An obvious modification of the above construction, decreasing a if neces- 
sary, will lead to a sequence z[. — > 4 satisfying 

5/2 <z[<z[ = z,'+i - a0(z-+i) < z.+i < 4 , 



1 = {z, - l){l - kh{zi - I)] +0{{zi- if 
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with, for / G L^{A), 

(B-4) / / = E/ /' 

and if moreover / is positive then 

(B.5) V / f<c[ f . 

^ J[z'-2a<l>{z'.),z'^+a(t,{z'^)]xdM J[l,A]xdM 

Letting {/fcjfcGN be the collection, without repetitions, of the intervals 

{[Zl,z[], [Zi+l,Zi], [Zj,Zj^-^]}iJ(zJ^* , 

=.h 

and letting {/fcjfceN be the collection, without repetitions, of the intervals 

{ [zi -a(l){z[) , z[+a4{z[)l [zi-2a(p{zi) , Zi+a(p{zi)], [zj-2a(j){z'j), Zj+a(j){zj)]}iji 

^ S/ "^ 

= :/l 

we obtain (jB.ip together with 

(B.6) / / = E/ /' 

J[l,4:]xaM f, JhxdM 

(B.7) C-^ [ f<y2 I f<C I f , 

J[l,4]xdM ^ JlkXdM J%A]xdM 

for positive / G L^{A). We set 

Zk = sup Ik . 

The above construction provides a ^-independent decomposition of A into 
stripes Ik x dM, the size of which in the z-direction is comparable to (j){z) 
for any (z, v) £ Ik x dM; similarly the sizes of Ik x dM are comparable to 
(/)(z) for any (z, v) £ Ik x dM. Mapping A to As provides an associated 
decomposition of As into stripes I^ x dM with sizes uniformly comparable 
to 4>{p/5) for any (p, v) £ I^x dM; similarly for I^ x dM. 

We continue with a (5-dependent, and stripe dependent, cube decom- 
position of dM, as follows: Let {(^j,'0j)}i=i,...,Af be a covering of M by 
coordinate charts with each coordinate system ?/^~ mapping 0'i smoothly 
and diffeomorphically to a neighbourhood of [0, 1]"~^; the local coordinates 
on [0, 1]"~^ will be denoted by 9"^. We further assume that UV'i([0, 1]""-^) 
covers dM as well. Let ipi be an associated decomposition of unity, thus 
^^ ifi = 1. Setting fi = {ifif) o Ipi, for any integrable function / we have 

N 



L 



f=Y: /. 



[l,4]x9M j^]^ i[l,4]x[0,l]"-i 

Given 5 satisfying < 5 < l/supN4|(/) and given an interval Ik define 
m = m{k,6) G N by the inequality 

(B.8) —^ < <j){~zk)5 < - . 

771 + 1 m 
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Let {Kj} be the collection of closed (n — l)-cubes, with pairwise disjoint 
interiors, and with edges of size 1/m, covering [0, 1]"~^. For any Kj let Kj 
be the union of those cubes Ki which have non-empty intersection with Kj. 
Note that there exists a number N(n) such that Kj is consists of at most 
N{n) cubes Ki. It follows that for any integrable function /j we have 






and if /j > then 

[ fi^yZ [ fi^ ^(™) [ fi ■ 

i[l,4]x[0,l]"-i ^ J[l,4]xKk ^[l,4]x[0,l]"-i 

We are ready now to pass to the heart of our argument. Let {'^^j^gN be 
the collection, without repetitions, of the sets 

{h X '>Pi{Kj)}ken, i=i,...,N, j=o,...,m"-i ■ 
Similarly let {'^^j^gN be the collection, without repetitions, of the sets 

{h X '4'i{Kj)}ken, i=l,...,N, j=0,...,m"-l ■ 

From what has been said we have, for any positive integrable function /, 



/. 



I 



f<Y^f<N f , 

[1,4] xaM ^ J^i J[l,i]y.dM 

f<y, I f< NN{n) I f . 

[1,4] x9M ^ J^i J[l,4]xdM 

If ^£ = Ik X ipiiKj) set (/)£ = 4>{zk). Scale the local coordinates (2:, 6'"^) in 
#^ as 

Up to translations, this maps all "Wi C ^^'s to fixed cubes 

'^£ — > [0, a] X [0, l]*" C [-a, 2a] x [-1, 2]" < — #£ , 
except for those which correspond to /i x ipi(Kj), which are mapped to 

^e -^ [0,a{z[-z^)/^{z[)]x[0,ir C [-a,a+a{z[-zi)/^{z[)]x[-l,2r ^ ^t 
By construction there exists a constant C > 0, independent of i, such that 
we have 

sup (p < C inf (p , sup (p < C^inf (p , 

hxBM hxdM r^^dM hxdAI 

hence the same is true on each ^£ and ^£. Let ip = e~^'^^; it is shown at 
the end of [8, Appendix B] that one also has 

sup ip < C inf ip , sup ip < C inf ip 

hxdM UxdM %xdM hxdM 

(with perhaps a different constant C), and again such £- independent in- 
equalities hold on the '^'s and "W is. At this stage in is important to realize 
that 

^96 =B{(pd-^,(p5deA), 
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where B is uniformly elliptic of order 4 (see equation (A. 4) in [8]) on the 
relevant cubes. We can also write 

gs = z-^idz'^ + 6^gABiSz)d9^de^) = z'^idz'^ +gAB{Sz)d{5e)^di69f). 

It then follows from the usual elliptic interior estimates [19, p. 246] for the 
operator B and scaling that (here g = gs) 






;2| |2 

ip \u\ 



where C does not depend upon 5 nor g close to b. Summing over i, 
Lemma 13.61 follows . D 



Acknowledgements We are grateful to two anonymous referees for sug- 
gesting many improvements to the original version of this paper. 

References 

L L. Andersson, M. Cai, and G.J. Galloway, Rigidity and positivity of mass 
for asymptotically hyperbolic manifolds, Ann. Henri Poincare 9 (2008), 1-33, 
arXiv:math.dg/0703259. MR MR2389888 (2009e:53054) 

2. L. Andersson and P.T. Chrusciel, On asymptotic behavior of solutions of the constraint 
equations in general relativity with "hyperboloidal boundary conditions" , Dissert. Math. 
355 (1996), 1-100. MR MR1405962 (97e:58217) 

3. L. Andersson, P.T. Chrusciel, and H. Friedrich, On the regularity of solutions to 
the Yamabe equation and the existence of smooth hyperboloidal initial data for Ein- 
steins field equations, Commun. Math. Phys. 149 (1992), 587-612. MR MR1186044 
(931:53040) 

4. R. Beig, P.T. Chrusciel, and R. Schoen, KIDs are non-generic, Ann. H. Poincare 6 
(2005), 155-194, arXiv:gr-qc/0403042. MR MR2121280 (2005ni;83013) 

5. D. Birmingham, Topological black holes in anti-de Sitter space, Class. Quantum Grav. 
16 (1999), 1197-1205, arXiv:hep-th/9808032. MR MR1696149 (2000c:83062) 

6. P.T. Chrusciel, The Hamiltonian mass and asymptotically anti-de Sitter space-times. 
Proceedings of the Symposium "100 Years Werner Heisenberg — Works and Impact" 
(Bamberg, 2001), vol. 50, 2002, pp. 624-629. MR MR1909102 (2003h:83034) 

7. P.T. Chrusciel and E. Delay, Existence of non-trivial asymptotically simple vac- 
uum space-times. Class. Quantum Grav. 19 (2002), L71-L79, arXiv:gr-qc/0203053, 
erratum-ibid, 3389. MR MR1902228 (2003e;83024a) 

8. , On mapping properties of the general relativistic constraints operator in 

weighted function spaces, with applications, Mem. Soc. Math, de France. 94 (2003), 
vi+103, arXiv:gr-qc/0301073v2. MR MR2031583 (20051:83008) 

9. , Manifold structures for sets of solutions of the general relativistic con- 
straint equations. Jour. Geom Phys. (2004), 442-472, arXiv:gr-qc/0309001v2. 
MR MR2085346 (20051:83008) 

10. P.T. Chrusciel and M. Herzlich, The mass of asymptotically hyperbolic Rie- 
mannian manifolds. Pacific J. Math. 212 (2003), 231-264, arXiv:dg-ga/0110035. 
MR MR2038048 (2005d:53052) 

11. P.T. Chrusciel and D. Pollack, Singular Yamabe metrics and initial data with 
exactly Kottler-Schwarzschild-de Sitter ends, Ann. H. Poincare (2008), 639-654, 
arXiv:0710.3365 [gr-qc]. 

12. J. Corvino, Scalar curvature deformation and a gluing construction for the Emstem 
constraint equations, Commun. Math. Phys. 214 (2000), 137-189. MR MR1794269 
(2002b:53050) 

13. J. Corvino and R.M. Schoen, On the asymptotics for the vacuum Einstein con- 
straint equations. Jour. Diflt. Geom. 73 (2006), 185-217, arXiv:gr-qc/0301071. 
MR MR2225517 (2007e:58044) 



GLUING CONSTRUCTIONS FOR NEGATIVE SCALAR CURVATURE 29 

14. F. Kottler, Uber die physikalischen Grundlagen der Einsteinschen Gravitationstheorie, 
Annalen der Physik 56 (1918), 401-462. 

15. W. Kuehnel, Conformal transformations between Einstein spaces, Conformal geom- 
etry (Bonn, 1985/1986) (R.S. Kulkarni and U. Pinkall, eds.). Aspects Math., E12, 
F. Vieweg & Sohn, Braunschweig, 1988, pp. 105-146. MR MR979791 (90b:53055) 

16. J.M. Lee, Fredholm operators and Einstein metrics on conformally compact man- 
ifolds, Mem. Amer. Math. Soc. 183 (2006), vi+83, arXiv:math.DG/0105046. 
MR MR2252687 

17. R. Mazzeo, The Hodge cohomology of a conformally compact metric. Jour. DifF. Geom. 
28 (1988), 309-339. MR MR961517 (891:58005) 

18. , Unique continuation at infinity and embedded eigenvalues for asymptotically 

hyperbolic manifolds. Am. Jour. Math. 113 (1991), 25-45. 

19. C.B. Morrey, Multiple integrals m the calculus of variation. Die Grundlehren der math- 
ematischen Wissenschaften, Band 130, Springer Verlag, Berlin, Heidelberg, New York, 
1966. MR MR0202511 (34 #2380) 

20. M. Obata, The conjectures of conformal transformations of Riemannian manifolds.. 
Bull. Amer. Math. Soc. 77 (1971), 265-270. MR MR0270397 (42 #5286) 

21. R. Schoen, Variational theory for the total scalar curvature functional for Riemannian 
metrics and related topics, Topics in calculus of variations (Montecatini Terme, 1987), 
Lecture Notes in Math., vol. 1365, Springer, Berlin, 1989, pp. 120-154. MR MR994021 
(90g:58023) 

22. X. Wang, Mass for asymptotically hyperbolic manifolds, Jour. Diff. Geom. 57 (2001), 
273-299. MR MR1879228 (2003c:53044) 

PiOTR T. Chrusciel, LMPT, Federation Denis Poisson, Tours; Mathematical 
Institute and Hertford College, Oxford. 
E-mail address: chrusciel@maths.ox.ac.uk 



URL: http://www.phys.univ-tours.fr/ ~piotr 



Erwann Delay, Laboratoire d'analyse non lineaire et geometrie, Faculte 
DES Sciences, 33 rue Louis Pasteur, 84000 Avignon, France 
E-mail address: Erwann.Delay@univ-avignon.fr 
URL: http: //www. math. univ-avignon.fr/Delay 



